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a b s t r a c t
It is well known from Osofsky’s work that the injective hull E(RR) of a ring R need not
have a ring structure compatible with its R-module scalar multiplication. A closely related
question is: if E(RR) has a ring structure and its multiplication extends its R-module scalar
multiplication,must the ring structure be unique? In this paper, we utilize the properties of
Morita duality to explicitly describe an injective hull of a ring Rwith R = Q (R) (whereQ (R)
is the maximal right ring of quotients of R) such that every injective hull of RR has (possibly
infinitely many) distinct compatible ring structures which are mutually ring isomorphic
and quasi-Frobenius. Further, these rings have the property that the ring structures for
E (RR) also are ring structures on E (RR).
Published by Elsevier B.V.
1. Introduction
Throughout this paper, all rings are associativewith identity, and all modules are unitary. The concepts are standard ones
that can be found in books such as [1,2], or [3].
Let R be a ring. Let E = ER = E(RR) be an injective hull of RR with ι : RR → ER an essential embedding of the right
R-module RR into the injective R-module ER. We say that a ring structure on E(RR) is compatible if the ring multiplication
extends the R-module scalar multiplication. More precisely,
Definition (Left Multiplications). Let λ : ER → Λ = EndR(ER) be an additive group monomorphism (the left multiplications
by E) with λ(u) = uλ such that
(i) these left multiplications uλ, u ∈ E, are closed under composition inΛ,
(ii) (ι(1R))λ = 1Λ, and
(iii) uλ(ι(1R)) = u.
Define multiplication · : E × E → E by u · v = uλ(v).
Note that · is associative because uλ(v) = uλ(vλ(ι(1R))) = (uλ ◦ vλ)(ι(1R)) and composition ◦ of functions is associative.
By definition of operations on homomorphisms, · distributes over addition on both sides; by (ii) and (iii) ι(1R) is a two-sided
identity; and since image(λ) ⊆ Λ = EndR(ER), u · ι(r) = uλ(ι(r)) = uλ(ι(1R)r) = uλ(ι(1R))r = ur, · : E × ι(R) → E is
module multiplication.
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We say that λ is a left multiplication map on ER, · is a compatible ring multiplication on ER induced by λ, and 〈E,+, ·〉
is a compatible ring structure on ER. We will often refer to the image of a left multiplication map λ as Eλ. Observe that λ
completely determines ·, the ring multiplication on E. Indeed, evaluation at ι(1R) is a ring isomorphism from 〈Eλ,+, ◦〉 to
the ring 〈E,+, ·〉.
It is well known that if E(RR) is a rational extension of RR (e.g., when R is right nonsingular [1, p. 376, Theorem 13.16]),
then E(RR) has a unique compatible ring structure. In [4–6] Osofsky investigated compatible ring structures on E(RR). In [6]
a ring Rwas constructed such that |R| = 24, |E(RR)| = 28, E(RR) is not a rational extension of R, and E(RR) has a compatible
ring structure. Osofsky [6] also constructed a ring such that no injective hull can possibly have a compatible ring structure.
In [7], Lang showed that for a commutative Artinian ring R, E(RR) has a compatible ring structure if and only if R = E(RR).
Interestingly, in many cases, the results were achieved without explicitly determining the injective hull of the rings. In this
paper we focus on rings for which ring structures on an injective hull are compatible.
A related question is:
Question (*). If E(RR) has a compatible ring structure, must it be unique?
In general, it is often a challenge to explicitly describe or construct an injective hull of a ring (see for example, [6,7]). In
this paper, for a given commutative quasi-Frobenius ring A with a nonzero Jacobson radical J = J(A), we investigate the
class of rings R of the form
R =
[
A A/J
0 A/J
]
.
We utilize properties of Morita duality (see for example [3, Chapter 6], or [8]) to explicitly construct an injective hull
of this ring R and then to derive some of its interesting properties. Specifically, for Artinian rings S and T , if you have a
balanced bimodule SUT which is an injective cogenerator as a right T -module and as a left S-module, then the contravariant
Hom functor Hom(−,U) gives a duality between the categories of finitely generated right T -modules and finitely generated
left S-modules; that is, Hom(Hom(−,U),U) is naturally equivalent to the identity functor on finitely generated modules.
One of many equivalent definitions of a quasi-Frobenius ring is an Artinian ring which is an injective cogenerator on both
sides. Any property of modules which can be defined categorically, that is, in terms of homomorphisms, has a dual property
for modules on the opposite side, and we will use this fact freely.
Another property we will use freely is that matrices with entries that can add and multiply represent homomorphisms
from direct sums to direct sums, and matrix multiplication is defined (whenever it makes sense) so that the product of two
matrices is thematrix corresponding to composition of the functions. Hencematrixmultiplication is associative. Also, just as
for finite dimensional vector spaces, if you have a duality, the dual of amatrix is its transposewritten on the other side. This is
why,whenyou consider amatrix representing a linear transformation fromRk toRn, youhave to take a transpose if youwrite
linear transformations and scalars on the same side of vectors. For matrices, transpose and writing linear transformations
on the opposite side are the same anti-isomorphism. See any classical text on finite dimensional vector spaces, such as [9].
We use J(−), Soc(−), and | − | to denote the Jacobson radical of a ring, the right socle of a ring, and the cardinality of a
set, respectively.
2. Main result
Recall from [10,11] that R is a right Osofsky compatible ring if an injective hull E(RR) of RR has a compatible ring structure.
Similarly, left Osofsky compatible rings can be defined. Thus every ring R such that ER is a rational extension of ι(RR) is right
Osofsky compatible. However the number of known examples of right Osofsky compatible rings Rwith themaximal rational
extension Q (R) 6= E(RR) seems to be somewhat limited (see [6,7,10–12]). In themain result of this paper, we give an answer
to Question (*) in the negative by providing a class of right Osofsky compatible rings whose injective hulls have more than
one ring structure compatible with the R-module structure. These all give rise to isomorphic rings. These rings have the
additional property that they are left Osofsky compatible.
The rings here have Q (R) = R because they are right Kasch, which is as far as you can get from the case where
Q (R) = E(RR). These rings show that Lang’s result [7] for commutative Artinian rings is not valid for the noncommutative
case even when the Artinian ring R has an injective hull with a compatible ring structure.
Theorem 1. Assume that A is a local commutative quasi-Frobenius ring such that J = J(A) 6= 0. Let
R =
[
A A/J
0 A/J
]
.
Then:
(a) There exists a right R-moduleAR withAA isomorphic to AA, andAR isomorphic to an injective hull of
[
Soc(A) 0
0 0
]
R
, such that
ER = A⊕
[
A/J A/J
A/J A/J
]
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where the right R-module operation on the 2×2matrices is the right matrix multiplication. Then the pair 〈E, ι〉 is an injective
hull of RR, where ι : R ↪→ E is defined by
ι :
[
a b
0 c
]
7→ a+
[
a b
0 c
]
, a, b, c ∈ A
with a, b, and c the canonical images of a, b, and c of A in A/J , respectively.
(b) ER has a compatible ring structure which is a quasi-Frobenius ring.
(c) There exists a family of nontrivial automorphisms of ER which yields |A/J|2 distinct compatible ring structures on ER. These
rings are isomorphic to the ring structure in (b).
(d) These ring structures are also compatible ring structures on the the left injective hull E(RR).
Proof. (a) Since AAA is an injective cogenerator on the right and on the left and R is an A-algebra of finite length, exactly
as for finite dimensional algebras over a field, we have a duality between finitely generated left and right R-modules given
by M → HomA(M, A). Since RRA is a left R-projective generator, the dual [HomA(RRA, AA)]R is a right injective cogenerator
where the right scalar multiplication by an element m ∈ R is matrix multiplication on the right by mT (i.e., the transpose
ofm).
Let
RV =
[
A 0
0 0
]
= R
[
1 0
0 0
]
and RW =
[
0 A/J
0 A/J
]
= R
[
0 0
0 1
]
.
Then RRA = RVA ⊕ RWA, where RV and RW are indecomposable projective left R-modules. By duality, their A-duals
[HomA(RVA, AA)]R and [HomA(RWA, AA)]R are indecomposable injective right R-modules.
As mentioned in the introduction, just as for finite dimensional vector spaces, a matrix represents a morphism on a
direct sum of modules represented as n × 1 or 1 × n matrices, and matrix multiplication represents composition of these
morphisms. The A-dual of a matrix then becomes (isomorphic to) the transpose of that matrix using a dual basis. Applying
this to the left R-moduleW gives
Hom[A(RWA, AA)]R ∼=
[
0 0
A/J A/J
]
R
∼= [A/J A/J]R .
By Morita duality, since RW is indecomposable projective, [A/J A/J ]R is indecomposable injective. In particular, it is an
essential extension of its socle
S = [0 A/J]R,
so an injective hull of S is [A/J A/J ]R where the multiplication by R is matrix multiplication.
Similarly, the injective hull of V is V T ∼= [A 0] ∼= A, where the R-module structure is that of [A S] /[0 S] which does
not embed in R. Thus the module ER is R-injective, and it is essential over its socle. The given map from R to ER is obtained
by mapping ι : 1R 7→ 1A +
[
1 0
0 1
]
and is one to one on the essential socle of R and thus an essential embedding, where 1A
is the identity ofA.
(b) ER has an obvious ring multiplication making it isomorphic to a ring direct product of the quasi-Frobenius ringA and
the 2× 2 matrix ring over the field A/J .
One easily checks that R is a subring of this ring and this makes it clear that the ring multiplication of E extends the
R-module scalar multiplication of E over R.
(c) SetΛ = EndR(ER) and call the left regular representation of the ring found in (b) Eλ, that is, λ(m) is left multiplication
bym. We find a family of distinct compatible ring structures on ER, indexed by Soc(A)× Soc(A), that are isomorphic to Eλ.
Let e1 =
[
1 0
0 0
]
and e2 =
[
0 0
1 0
]
. Then e1R =
[
A/J A/J
0 0
]
and e2R =
[
0 0
A/J A/J
]
. Each of these R-modules is the injective
hull of its socle.
We observe that, for any µ, ν ∈ Soc(A), (µ + e1)RR ∼= e1RR and (ν + e2)RR ∼= e2RR. Now (µ + e1)R is essential over
(µ+ e1)R∩ R and so is an injective hull of (µ+ e1)R∩ R. Also (ν + e2)R is essential over (ν + e2)R∩ R and so is an injective
hull of (ν + e2)R ∩ R.
Now E = A⊕ e1R⊕ e2R. We effectively select a new A-basis for E with change of basis transformation φ using the above
observation. We fix a basis for R and modify the two basis elements in E corresponding to the first column of the matrices
over A/J . Define φ ∈ Λ by φ(1A) = 1A, φ(e1) = µ + e1, and φ(e2) = ν + e2. Then ker(φ) ∩ Soc(RR) = 0, so φ is one to
one. Thus image(φ) is injective and contains Soc(RR) and so image(φ) is essential in E. Hence image(φ)must be equal to E.
Therefore φ is invertible.
We see that φ(ι(1R)) = µ + ι(1R) ∈ ι(R). Thus φ(ι(1R))−1 = −µ + ι(1R). Let S = {φ−1uλφ : u ∈ E}. Then S ⊆ Λ is
closed under composition and addition. Also
φ−1uλφ(ι(1R)) = φ−1vλφ(ι(1R)) ⇐⇒
φφ−1uλφ(ι(1R))φ(ι(1R))−1 = φφ−1vλφ(ι(1R))φ(ι(1R))−1 ⇐⇒
uλ = vλ
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so φ−1uλφ 7→ φ−1uλφ(ι(1R)) is an abelian group isomorphism from S to E. Let λ′ = λ′µ,ν : E → Λ denote the inverse
function of this evaluation at ι(1R), that is, λ′(φ−1uλφ(ι(1R))) = φ−1uλφ. Now λ′(ι(1R)) = φ−1(ι(1R))λφ = 1Λ, so λ′
satisfies the defining properties (i), (ii), and (iii) of left multiplications on E.
Since conjugation by φ is an automorphism ofΛ, its restriction is an isomorphism between Eλ and Eλ′ .
Now
[φ−1(e1)λφ(ι(1R))]λ′(e1) = φ−1(e1)λφ(e1) = φ−1(e1) = −µ+ e1
[φ−1(e2)λφ(ι(1R))]λ′(e1) = φ−1(e2)λφ(e1) = φ−1(e2) = −ν + e2
for any pair µ and ν in Soc(A). Thus the map (µ, ν) 7→ λ′µ,ν has inverse λ′ 7→ (e1 − (e1)λ′(e1), e2 − (e2)λ′(e1)), and there
are |Soc(A)|2 = |A/J|2 distinct compatible ring structures λ′µ,ν on E.
(d) Eλ is isomorphic to its opposite ring by transposing, and it will be a right injective hull of RT. Then RR embeds in REλ
by [
a b
0 d
]
7→ a+
[
a 0
b d
]
;
that is, right multiplication on Eλ is the same as left multiplication by ETλ . 
Corollary 2. Let A be any quasi-Frobenius ring such that J = J (A) 6= 0. Then the ring R =
[
A A/J
0 A/J
]
has a right injective hull
which has a ring structure as a ring direct sum of quasi-Frobenius rings and that ring structure is not unique. Its left injective hull
can be given a ring structure compatible with the module structure.
Proof. A commutative Artinian ring is a ring direct product of local rings, and all modules are a direct sum of modules
over the local factors. Apply Theorem 1. If some local factor has the Jacobson radical 0, the injective hull of upper triangular
matrices is the full matrix ring (with a unique ring structure) since it is a rational extension of the appropriate factor of R. 
We next give a computational illustration of Theorem 1, in the form of an example, that starts with the embedding of R
in E and shows what the distinct ring structures look like.
Example 3. We illustrate the Osofsky compatible ring structures on ER in Theorem 1(c) using matrix operations as is often
done in the case of vector spaces over a field in an undergraduate linear algebra course.
Note that EA is (isomorphic to) the free A-module
A⊕
[
A/J 0
0 0
]
⊕
[
0 A/J
0 0
]
⊕
[
0 0
A/J 0
]
⊕
[
0 0
0 A/J
]
and has an ordered basis
{b1, b2, b3, b4, b5},
where b1 = 1A, b2 =
[
1 0
0 0
]
, b3 =
[
0 1
0 0
]
, b4 =
[
0 0
1 0
]
, and b5 =
[
0 0
0 1
]
.
Using the standard way of getting the matrix of an A-linear map with respect to the basis {b1, b2, b3, b4, b5}, we get the
following matrix corresponding to left multiplication by elements of E:
Eλ =


s 0 0 0 0
0 a 0 b 0
0 0 a 0 b
0 c 0 d 0
0 0 c 0 d
 : s, a, b, c, d ∈ A
 ⊆ EndA(E).
As we did in the proof of Theorem 1(c), we wish to change the basis, mapping 1A 7→ 1A, b1 7→ b1 +µ and b4 7→ b4 + ν
where µ, ν ∈ Soc(A). The reader can check that the result is in EndR(ER), not just EndA(EA), which is what we did earlier
working with the R-automorphism φ.
The corresponding change of basis matrix is
Pµ,ν =

1 µ 0 ν 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
 ∈ Λ ⊆ EndA(E)
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and the corresponding conjugates areP
−1
µ,ν

s 0 0 0 0
0 a 0 b 0
0 0 a 0 b
0 c 0 d 0
0 0 c 0 d
 Pµ,ν =

s −µa− νc + sµ 0 −µb− νd+ sν 0
0 a 0 b 0
0 0 a 0 b
0 c 0 d 0
0 0 c 0 d
 : µ, ν ∈ Soc(A)

where the multiplication was done using a computer algebra system.
The family of examples in this paper shows that it is possible to describe rings which are their own maximal quotient
rings, but whose injective hulls have a family of set-theoretically distinct compatible ring structures. These rings also have
the properties that all ring structures on them are isomorphic as rings, and indeed are quasi-Frobenius rings, and that they
are compatible on both sides. We do not discuss these properties in general, but leave that to a later investigation.
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